Rheology of non-Brownian suspensions of rough frictional particles under shear reversal: a numerical study We perform particle scale simulations of suspensions submitted to shear reversal. The simulations are based on the Force Coupling Method, adapted to account for short range lubrication interactions together with direct contact forces between particles, including surface roughness, contact elasticity and solid friction. After shear reversal, three consecutive steps are identified in the viscosity transient: an instantaneous variation, followed by a rapid contact force relaxation, and finally a long time evolution. The separated contributions of hydrodynamics and contact forces to the viscosity are investigated during the transient, allowing a qualitative understanding of each step. In addition, the influence of the contact law parameters (surface roughness height and friction coefficient) on the transient are evaluated. Concerning the long time transient, the difference between the steady viscosity and minimum viscosity is shown to be proportional to the contact contribution to the steady viscosity, allowing in principle easy determination of the latter in experiments. The short time evolution is studied as well. After the shear reversal, the contact forces vanish over a strain that is very short compared to the typical strain of the long time transient, allowing to define an apparent step between the viscosity before shear reversal and after contact force relaxation. This step is shown to be an increasing function of the friction coefficient between particles. Two regimes are identified as a function of the volume fraction. At low volume fraction, the step is small compared to the steady contact viscosity, in agreement with a particle pair model. As the volume fraction increases, the value of the viscosity step increases faster than the steady contact viscosity, and, depending on the friction coefficient, may approach it.
We perform particle scale simulations of suspensions submitted to shear reversal. The simulations are based on the Force Coupling Method, adapted to account for short range lubrication interactions together with direct contact forces between particles, including surface roughness, contact elasticity and solid friction. After shear reversal, three consecutive steps are identified in the viscosity transient: an instantaneous variation, followed by a rapid contact force relaxation, and finally a long time evolution. The separated contributions of hydrodynamics and contact forces to the viscosity are investigated during the transient, allowing a qualitative understanding of each step. In addition, the influence of the contact law parameters (surface roughness height and friction coefficient) on the transient are evaluated. Concerning the long time transient, the difference between the steady viscosity and minimum viscosity is shown to be proportional to the contact contribution to the steady viscosity, allowing in principle easy determination of the latter in experiments. The short time evolution is studied as well. After the shear reversal, the contact forces vanish over a strain that is very short compared to the typical strain of the long time transient, allowing to define an apparent step between the viscosity before shear reversal and after contact force relaxation. This step is shown to be an increasing function of the friction coefficient between particles. Two regimes are identified as a function of the volume fraction. At low volume fraction, the step is small compared to the steady contact viscosity, in agreement with a particle pair model. As the volume fraction increases, the value of the viscosity step increases faster than the steady contact viscosity, and, depending on the friction coefficient, may approach it.
I. INTRODUCTION
Suspension flows are involved in many industrial processes (fresh concrete handling, food transport, uncured filled polymers) as well as natural or biological flows (blood flow, sediment transport). Much experimental, theoretical and numerical work has been devoted to suspension rheology. Detailed reviews are available in the literature [1] [2] [3] . Even non-Brownian suspensions of spherical particles in a Newtonian liquid in creeping flow present striking features: large increase of the viscosity with solid concentration [4] , until the suspension finally jams, development of anistropic normal stresses [5] [6] [7] [8] [9] , shear-induced particle migration [10] , mechanical irreversibility [11] . Most of the mentioned properties are connected to the development of a shear-induced microstructure in the suspension, i.e. a particular statistical arrangement of the particle positions. At moderate solid volume fraction, this microstructure is conveniently measured by the pair distribution function, with a high probability of nearly-touching particle pairs in the compressional quadrant of the ambient shear-flow, and a significant concentration depletion in the extensional quadrant * peters@unice.fr [12] [13] [14] [15] [16] [17] [18] . For a non-Brownian suspension submitted to creeping flow, such a fore-aft asymmetric microstructure can develop only if the particles exert non-hydrodynamic forces on each other [19] . In the case of large hard particles, if the experimental pair distribution function has revealed that direct contact between particles, promoted by the surface asperities, has to be considered [12, 15] , the question of the exact nature of the contact forces is still a largely open question. In some recent simulations concerning suspensions of frictional particles [18, 20] , a large influence of friction on the rheological properties has been evidenced. In particular, the computed suspension viscosity is greatly enhanced, up to experimental values [18] . This increase originates mostly in the growth of the direct contact force contribution while the hydrodynamic contribution hardly changes. For smaller particles, where colloidal forces are relevant too, friction has been proposed to explain discontinuous shear-thickening of suspensions [21] [22] [23] : as the shear rate is increased, the contact switches from lubricated to frictional, inducing a sharp increase of the viscosity. More generally, microstructure and contact forces act together to produce enhanced stresses in the suspension: the shear flow brings the particles closer to each other, mostly in the compressional direction of the flow, thus promoting contact between particles, which induces large stresses [18] .
In bulk rheology, the shear-induced microstructure has been first revealed in shear reversal experiments [24] [25] [26] [27] .
In such experiments, the suspension is first sheared in a steady way. As the shear rate is reversed, a transient occurs, where the viscosity undergoes a step-like decrease, goes to a minimum and increases again to its steady value (see Fig. 1 for an experimental transient from [27] ). In the case of non-Brownian suspensions, this transient does not depend on the shear rate, except for a slight shearthinning behavior [24, 27] , and the viscosity only depends on the total strain after shear reversal. Normal stress difference measurements exhibit similar transients [25, 26] . The origin of such transients is now qualitatively understood: due to fore-aft asymmetry, the steady microstructures after and before shear reversal are different, and the necessary reorganization of the particles results in the observed rheological transient. From a more quantitative point of view, Blanc et al. [27] pointed out that the steady viscosity and minimum viscosity do not depend on the volume fraction in the same way. In particular, the measured minimum viscosity is quite close to the viscosity of simulated random suspensions, i.e. suspensions where the particles are randomly placed at each step of the computation (while taking care that they do not overlap) and that do not present shear-induced microstructure [28] . It suggests that, as the viscosity goes to its minimum value, the initial shear-induced microstructure is broken. The following viscosity increase is produced by the re-building of the microstructure. As a consequence, the difference between steady and minimum viscosity can be seen as the viscosity increment due to the shear-induced microstructure. As the solid concentration goes to the jamming volume fraction, this increment becomes increasingly predominant, and the minimum viscosity becomes very small compared to the steady viscosity.
However, a precise understanding of the transient is still missing. Few numerical studies are available in the literature on this subject. Bricker and Butler [29] performed simulations of a particle monolayer in Stokesian dynamics. The particles exert on each other double layerlike forces along the line of particle centers, without friction force. These simulations are in qualitative agreement with experiments: the viscosity goes to a minimum, that is deeper for denser suspensions, and the transient occurs over a typical strain that decreases as the solid volume fraction increases. However, they do not evidence any viscosity step at shear reversal. The first normal stress difference N 1 was computed too. At shear reversal, N 1 instantaneously changes sign, then vanishes and finally reaches the value it had before shear reversal. Bricker & Butler could relate the rheological transient to the evolution of the microstructure. In particular, the viscosity minimum happens when the pair distribution function is approximately fore-aft symmetric, with much less particles near contact. Another set of simulations was performed by Stickel et al. [30] using the accelerated Stokesian dynamics, where the particles exert the same type of force on each other as in [29] . In this paper, the suspensions are submitted to step variations of the shear rate, either start-up flow, shear rate increase or decrease and shear reversal. The main purpose of the paper was to compare the output of a previously published constitutive model [31] for structure and total stress in suspensions to the simulation results, as well as to experimental data. Only one solid volume fraction and one parameter set for the interparticle force is considered. However, the same qualitative trends as in experiments were noted, and some qualitative explanation were given, using a structure tensor computed from the simulations. In addition, an article with a quite similar scope was published recently [32] . Both papers share some qualitative conclusions, as mentioned in different part of the present article.
Finally, it should be noted that a lot of work has been devoted to the response of suspensions to oscillatory shear flow [24, [33] [34] [35] [36] [37] . Some exciting properties were evidenced: the viscosity strongly depends on strain amplitude, suggesting the development of a particular microstructure that evolves with strain amplitude and the time that is necessary for this microstructure to re-build depends on the strain amplitude [36, 37] , presumably due to self-organization of the particles [11, 38] . Such an irreversible evolution has been also evidenced for a sheared suspension drop in an otherwise pure liquid [39] . In addition, superposition of oscillatory and steady cross-shear flows results in complex rheological response [40, 41] . As in the case of shear reversal, the response is driven by the time evolution of the microstructure under the simultaneous action of interacting forces and hydrodynamic interactions. However, a quantitative relation between both types of time-dependent response is not easy to extract.
In the present paper, we report simulations of shear reversal in non-Brownian suspensions of rough frictional particles. Since simulations provide insight into quantities that are not available in experiments, such as in-terparticle forces, separate measurement of contact and hydrodynamic contribution to the stress, instantaneous stress variations, we seek a deeper understanding of all steps of the transient. In particular, the question is addressed whether quantitative information can be extracted from the transient, concerning either bulk quantities or particle-scale properties like surface roughness height and friction. The numerical method, including the contact force model, is first explained in section II. The results are presented in Sec. III, including a general description of a typical transient (Sec. III A), followed by some features of the response to steady shear (Sec. III B). The long time transient is then investigated (Sec. III C), while the short time evolution is deferred to Sec. III D. We have chosen to focus on the shear stress response. While normal stress differences are of interest, in particular in time-dependent flows, a proper treatment of both shear and normal stress may have been, in our opinion, at the expense of clarity. A lot of features that are evidenced while investigating shear stress qualitatively apply to normal stress differences as well.
II. NUMERICAL METHOD

A. The Force Coupling Method
In the present study we use the Force Coupling Method (FCM) to study numerically the dynamics of a suspension of non-Brownian rigid spherical particles. FCM was introduced by Maxey and collaborators [42] [43] [44] , and we follow the approach developed by Yeo and Maxey [45, 46] . The reader is referred to Ref. [47] for a detailed presentation of the method and computations, and we give here only a brief overview.
In FCM, the equation for the motion of the fluid is solved in the whole spatial domain, i.e. in the volume occupied by the fluid and by the particles, whose presence is modeled through a force density field acting on the fluid. Also, zero mean deformation is imposed within the volume occupied by each particle.
In the limit of vanishing inertia (zero Reynolds number) the fluid motion obeys the Stokes equations
where p and u are the fluid pressure and velocity fields, η is the fluid viscosity and f represents the volume force density acting on the fluid. The force density representing the particles is
where X n is the location of the center of mass of the n th particle, F i the force monopole induced by the particle and G ij the corresponding force dipole and N p is the number of particles in the suspension. F i and G ij come from a multipolar development of the perturbation of the particle to the flow, and represent the dominant far-field contributions. ∆ M and ∆ D are the FCM force envelopes, standing for the extent of each particle, and are given by:
where
and σ D = a (6 √ π) 1/3 are the envelope length scales and a is the particle radius. The force monopole F is the force exerted by a particle on the fluid, while the force dipole is linked both to the torque exerted by the fluid on the particle and to the rigidity constraint within the volume occupied by the particle. The antisymmetric part of the force dipole moment, T ij is connected to the hydrodynamic torque T h on the particle using the Levi-Civita symbol ijk according to
while the symmetric part S ij is the so-called hydrodynamic stresslet exerted by the fluid on the particle. It is determined from the constraint of zero net deformation within the particle, that reads
where e ij = 1 2 ( ∂ui ∂xj + ∂uj ∂xi ) denotes the strain rate. The particle motion obeys Newton's equations. The particle inertia is neglected, so that the monopole moment and the hydrodynamic part of the dipole moment are determined from the external force and torque on the particles
where the superscripts h and e stand for hydrodynamic and external respectively. In the present article, F e and T e originate in the interactions between particles (see paragraph II C).
The linear and angular velocities of each particle are defined as follows
In conclusion, FCM is solving the fluid motion equation, in which a force term is introduced to represent the particles, Eqs. (1)- (2) together with Eqs. (4)- (6) . The knowledge of the imposed flow, the external forces and the constraint of zero mean deformation within the particle volumes allow to determine the stresslet coefficients and thus the velocity field in the presence of the particles. Finally, this allows to compute the particle dynamics.
B. The lubrication correction
The original FCM is only a long range approximation. However, depending on the direct interaction force, particles can be as close as 10 −3 a to each other. For such neighboring particles, the FCM strongly underestimates the hydrodynamic interactions. To include the short range lubrication force, we proceed as in Ref. [46, 47] .
The FCM is formally equivalent to solving a mobility problem in the form
where U is a 6N p -dimensional array containing the linear and angular particle velocities, F is a 6N p -dimensional array containing the particle monopole coefficients and the torques. U ∞ is the 6N p -dimensional array containing the linear and angular velocities of the imposed flow calculated at the particle centers. S is a 5N p -dimensional array containing the five independent stresslet coefficients for each particle (the stresslet is symmetric and only the traceless part is considered here), and E ∞ is a 5N pdimensional array containing the corresponding strain rate of the imposed velocity field. M F CM is called the grand mobility matrix and represents the linear relationship existing in a creeping flow between these quantities. Since F and S contain far-field contributions of particleparticle hydrodynamic interactions, M F CM represents a far-field approximation of the exact grand mobility matrix. The unknowns in this system are U and S. It should be stressed that the elements of the matrix M F CM are never computed, rather a fluid solver is used to compute the velocity field given a certain force distribution.
In order to include the effect of short-range lubrication forces, the mobility problem (8) is formulated as a resistance problem:
where M F CM −1 is a far-field approximation of the resistance matrix, and then adding a resistance matrix L containing the lubrication correction [45, 46, 48, 49] :
where F and S now contain both the long range and lubrication interactions. More precisely, since a part of the close interaction is already taken into account in the original FCM, L contains the difference between the exact resistance matrix L 2B from the two-body problem and the corresponding far-field resistance matrix
are determined once and for all and are expressed as polynomial functions of the inter-particle separation. In calculating the lubrication correction, we have found negligible differences with the FCM resistance functions tabulated in Ref. [46] . Finally, the system in Eq. (10) is solved for S and U following a procedure detailed in Refs. [45, 46] .
C. The contact forces between particles
In addition to the hydrodynamic forces (far-field and lubrication contributions) described above, we include the possibility for the particles to have solid (direct) contacts with each other. We consider the spherical particles, of radius a, to have sparse surface roughness, of characteristic height h r . Under these conditions, we can assume that contact appears if the distance between two particle surfaces δ = (r − 2a) becomes smaller than h r , where r = ||r|| = ||X 2 − X 1 || is the distance between the particle centers. It is worth noting that even in the presence of a solid contact we suppose that the lubrication forces do not vanish, since the two mean particle surfaces are still at a nonzero distance. For this reason, the lubrication forces are not switched off for δ ≤ h r . In our model, we account both for normal and tangential (frictional) contact forces.
We model the solid contact in the direction normal to the particle surfaces using the Hertz law, that we apply between an asperity of one particle and a smooth patch of the surface of another particle:
where n = r/||r|| and
E being the Young modulus and ν the Poisson ratio [50, 51] . In a dilute suspension submitted to a shear rateγ, the typical hydrodynamic force between two particles in contact is 6πηγa 2 [52] . Then, the relative importance of contact with respect to hydrodynamic forces is expressed by the dimensionless parameteṙ
is the magnitude of the force needed
Normalized contact force as a function of surface-tosurface distance δ.δ is the typical surface-to-surface distance.
for the complete deformation of the asperity, as shown in Fig. 2 where the normalized normal contact force is displayed. The typical distance between particle surfaces δ is determined by equating the hydrodynamic and contact forces ( Fig. 2) , yielding for the typical roughness deformation¯ :¯
The frictional force is modeled as a spring-like force with a threshold:
with µ the (dynamic) friction coefficient. In our model, we assume the static friction coefficient to have the same value of the dynamic one. Y is the relative tangential displacement of the two particle surfaces and it is calculated as the integral of the slip velocity during contact:
and the slip velocity between particles i and j is computed as
When slip occurs (second line in Eq. 15), the force is incremented as in the stick phase, and its intensity is then rescaled to obey the dynamic friction law. As a consequence, there cannot be any discontinuity in the time evolution of the contact forces. In addition, only the direction of the relative tangential displacement Y changes in the slip-phase while its length is kept constant. The value of the stiffness of the tangential spring, κ t , is linked to the normal stiffness κ n through [53, 54] 
The contact force between particles introduces a torque on each particle given by
since the normal component of the contact force F c n does not contribute to the torque.
The contact force contributes to the total stresslet of the system, with a term
for each of the two particles involved in the contact.
D. Solution procedure
The numerical solution of FCM proceeds as follows. Contact forces acting on the particles are computed from the positions and integrated relative slip velocities of the particles obtained at the previous time step. A conjugate gradient method is used to solve equation (10) iteratively, where M F CM represents the Stokes solver, implemented through a spectral method (Fast Fourier Transform) owing to the triple periodicity of the computational domain. Following Yeo [47] , the computational domain is treated using Lees-Edwards periodic boundary conditions. Once the velocity field is obtained, particle velocities are computed with (7) and (7). A second-order Adams-Bashforth scheme is finally used to update the particle positions at the following time step. Our computational domain is a cubic box meshed with 64 3 gridpoints, corresponding to 32 particle radii in each direction. Depending on volume fraction, the number of particles in the cell ranges from 1565 to 3911. The effect of the cell size was not extensively studied. For a typical suspension φ = 0.45, h r /a = 5.10 −3 , µ = 0.5, the size of the cubic cell was divided by 2 (16 particle radii in each direction) with no effect on the transient, except for the larger statistical fluctuations. In units ofγ −1 , the time step is taken to be 5 · 10 −4 unless otherwise specified. Computing times range from less than a day to a few weeks on two cores of a 2.6 GHz CPU, depending mostly on particle concentration φ = 4Np 3V πa 3 , roughness height h r and friction coefficient µ.
E. Definition of the rheological quantities
The bulk stress of a suspension of particles is defined as [55] :
where Σ p ij is the particle contribution to the bulk stress. It has both hydrodynamic and contact contributions,
, which are function of the particle stresslet:
We have used the notations S n ij and S C,n ij to denote the hydrodynamic particle stresslet (Eq. (10)) and the contact particle stresslet, from Eq. (20) .
In the present study, we consider a particle suspension subject to an imposed linear shear flow
so that e x is along the velocity direction, e y along the velocity gradient and e z along the vorticity. The relative viscosity η S can be split into the hydrodynamic η H and contact contributions η C :
These rheological quantities will be extensively analyzed and discussed in the following section. We note here that the torque exerted by friction forces on the particles is balanced by the hydrodynamic torque due to the lack of particle inertia, leading to symmetric stress tensor. In addition, it turns out that the frictional torque keeps very small compared to the stresses in all stages of the transient (the antisymmetrice contact stress is at most 2% of its symmetric counterpart). As a consequence, it is not further studied.
Finally, we stress that the contact contribution as defined in Eq. 24 is the direct contribution of the contact force from the contact stresslet (Eq. 20), with no hydrodynamic contribution. A different splitting, which takes advantage of the linearity of Stokes equation, is proposed in Sec. III D 2.
F. Choice of parameter values
In this section we discuss the values of the parameters used in the numerical model. In order to be able to compare our results to existing and possible future experiments, we consider here typical experimental values. Several experiments have been carried out in the past on suspensions of polystyrene or PMMA (Poly-methylmetacrylate) beads [24] [25] [26] [27] characterized by a Young modulus 1.8 E 3GP a and a Poisson ration ν 0.4. The typical flow and geometrical parameters found in such experiments are given in Table I , together with the corresponding values of the dimensionless parameters. The physical parameters that define the modeled sheared suspension are reduced to several dimensionless parameters, namely φ, h r /a, µ andΓ (or equivalently¯ ), together with the dimensionless timeγt. One of the goals of this paper is to understand what influence those dimensionless parameters have on the observed viscosity transient. It should be noted that the values of the dimensionless hydrodynamic forceΓ computed for usual non-Brownian suspensions (Table I) keeps small compared to 1. In such a case, it turns out thatΓ has a very weak influence on the steady rheological properties [18] . To be more specific, this model yields a very weak shear-thickening behavior. In addition, the main expected effect of this parameter on the transient would be to change the contact force relaxation time τ s . It will be shown later (Sec. III D 1) thatγτ s is directly connected to the typical compression of the surface asperities¯ , and thus is expected to keep quite small compared to the other typical strain of the transient (Sec. III C). For those reasons, and also in order to keep the time step approximately constant in the different simulations,Γ will be set to the quite small value 10 −2 throughout this study, so that¯ ≈ 4.6 10 −2 . Let us recall that¯ corresponds to the typical asperity deformation in the idealized case of a collision between two particles in an otherwise pure liquid. In the actual simulations where 0.2 ≤ φ ≤ 0.5, the value of the average asperity deformation is bigger. For example, with φ = 0.5, µ = 0.3 and h r /a = 5.10 −3 the most probable compression is 0.2, with a quite large distribution. The simulations are restricted to volume fraction lower than 0.5 in order to avoid crystallization of our monodisperse suspension. Finally, the value of h r /a is varied in the range 5.10
III. RESULTS
A. A typical shear reversal simulation
For each value of the parameters φ, h r , µ, the suspension is submitted to the velocity field u ∞ (t < 0) =γye x for a deformation ofγt=10 to insure steady rheological properties. At time t = 0 the shear rate is suddenly inverted: u ∞ (t > 0) = −γye x . The data are averaged over eight simulations that were started from eight independent initial conditions, but for otherwise identical parameters. The initial conditions are sampled from the steady state of a constant shear simulation. Sampling occurs at strain separations of more than two, in order to ensure uncorrelated particle positions.
Before engaging into a detailed parametric study, we show the variation with time of the relative viscosity in a typical numerical simulation. We consider a suspension with φ = 0.45, µ = 0.5, h r /a = 5.10 −3 . Fig. 3 reports the measured viscosity as a function of total strain from shear reversal together with its components from Eq. (24), coming from hydrodynamic interactions η H and contact forces η C . At t = 0 shear reversal takes place. We observe an instantaneous drop of the relative viscosity from η (Fig. 3 and 4) , that will be discussed in detail in section III D 2. Here we simply mention that this drop is due to the action of the unchanged contact forces (Eq. (20)), that switches from resistive to propulsive in the reversed flow, so that the contact contribution changes sign, while lubrication forces instantaneously grow to higher values and oppose the separation of neighboring particles (see also Sec. III D and Fig. 9 ). Shortly thereafter, the majority of contacts between particles disappear, due to the separation of nearest neighboring particles. This happens in a characteristic straiṅ γτ s determined by the relaxation of contact forces.γτ s depends on the chosen contact model, and in particular on the value of the normal stiffness κ n . Its determination is discussed in paragraph III D 1. The viscosity after force relaxation is extrapolated toγt = 0, giving η S init (Fig. 4) .
Physical parameters
Dimensionless parameters η0γ hr/a µΓ¯ 1 P a.s 10 −2 -10 s On a longer time scale, the suspension viscosity goes through a minimum η S min at the strain γ min , that is determined by the decrease of lubrication forces (nearest neighboring particles separate more and more from each other) and the increase of the contact forces. The latter is due to the development of new contacts following the restructuration of the suspension in the reversed flow. Gradually, the suspension microstructure reforms: the contact forces drive the climb of the relative viscosity back to the pre-shear value.
The tangential and normal contact force contributions to the viscosity are not separated in Fig. 3 . Actually, the tangential force contribution roughly follows the qualitative behavior of the normal force contribution while keeping smaller. This will be briefly shown in Sec. III D. Nevertheless, friction plays a major role in suspension rheology, and in particular greatly increases the magnitude of the normal contact forces, as will be shown in section III B.
In addition, the solver and lubrication correction (Eq. (10)) are not separated either in Fig. 3 , since our lubrication stress is only a correction, i.e. corresponds to the flow that the solver cannot resolve, and also for the sake of figure clarity. However, we note here that most of the hydrodynamic variations are due to lubrication corrections.
Before detailing the evolution of the system at longer times in Sec. III C, we discuss the influence of friction and roughness on the steady viscosity in Sec. III B. The dynamics immediately after shear reversal 0 ≤ t ≤ τ s is deferred to Sec. III D. 
Definition of the quantities of interest for the transient after shear-reversal of the shear viscosity η S as a function of shear strainγt.
B. Steady shear
In this section, the influence of the friction coefficient and roughness height on the steady viscosity is addressed. η S steady is computed as the average of the viscosity over the strain interval −5 ≤γt ≤ 0, i.e. in the steady shear before shear reversal. As displayed in Fig. 5 , friction between particles induces a large increase of the suspension steady viscosity. The hydrodynamic part is not altered, while the contact contribution can be enhanced by up to a factor of 5 at φ=0.5. We note that this is not the result of the single addition of the interparticle tangential force contribution to the viscosity computed without friction, since the former amounts to at most 25% of the contact viscosity in the present volume fraction range (Fig. 18) . The normal component of the force is still responsible for the main part of the contact viscosity, and is largely enhanced by friction.
The lack of hydrodynamic contribution variation with friction is a little surprising, since all contributions are related to the particles arrangement and motion. This has already been evidenced by Gallier et al. [18] , where it has been shown in addition that for moderate volume fraction φ ≤0.4, the hydrodynamic viscosity or a sheared suspension is very close to the viscosity computed for random suspensions, for which no shear-induced microstructure develops. The fact that such different microstructures produce the same hydrodynamic viscosity will be examined in section III C. The surface roughness height has weaker influence on the viscosity, at least in the range of interest in the present work 5.10 −3 ≤ h r /a ≤ 2.10 −2 and 0.2 ≤ φ ≤ 0.5, as shown in Fig.6 . More precisely, as h r /a is increased, the hydrodynamic contribution decreases, probably due to the decrease of the lubrication interactions, while the contact contribution increases or decreases, depending on the friction coefficient µ and on the solid volume fraction. The variations of both contributions are moderate.
The variation of the computed suspension viscosity with volume fraction is well approximated by the classical Maron-Pierce Law [56] :
as shown in Fig. 7(a) . Again, unlike the friction coefficient, the roughness height has little effect on the suspension viscosity, and particularly on the jamming solid volume fraction φ * that can be deduced from the fit of the computed viscosity to Maron-Pierce law. approximately 0.7 to 0.56 as the friction coefficient is increased from 0 to 1. Such variations have already been evidenced in simulations concerning discontinuous shearthickening suspensions [22] . In the friction regime, the jamming volume fraction was shown to decrease from 0.66 to 0.58 for the same range of friction coefficient. Both studies are thus in qualitative agreement, and the discrepancies may be explained by the probed volume fraction range: in the present paper, the volume fraction is kept below 0.5, while Mari et al. consider values closer to the jamming volume fraction. We note that the experimental values of the jamming volume fraction from the literature span a quite wide range too [3, 4, 27, 57] .
C. Long time transient
This section is devoted to the dynamics of the suspension after the contact forces have relaxedγt γτ s . We recall the quantities of interest in this part of the transient. As shown in Fig. 4 , η S init is the viscosity after contact force relaxation extrapolated to time t=0. At strain γ min the suspension viscosity takes its smallest value η S min . At the end of the transient, the viscosity reaches its steady value η S steady . The strain γ 0.5 leading from η S min to 50% of the relaxation to the steady value is defined as: At the beginning of this long time transient (Fig. 8) , the contact forces have relaxed, and the contact contribution to the viscosity approximately vanishes. The hydrodynamic contribution is larger than its value before shear reversal (i.e its steady value). This can be qualitatively understood by considering contacting particles before shear reversal (t = 0 − , Fig. 9(a) ) and after contact force relaxation (γt ≈γτ s , Fig. 9(c) ). For the sake of simplicity, a particle pair with normal forces is displayed, without loss of generality. Before shear reversal (or alternatively at the end of the transient), the pair is aligned in the compressional quadrant, according to shear-induced microstructure in the moderately concentrated suspensions of interest in the present paper [17, 18] . The contact contribution to the viscosity is large and positive due to repulsive elastic forces. The same forces reduce the relative velocity of the particles, and thus reduce the hydrodynamic contribution. After contact force relaxation, the contact contribution vanishes, and the particles are now free to move away from each other under the action of the ambient shear flow. As a consequence of the lubrication forces that resist the relative motion, the hydrodynamic contribution to the viscosity is now larger, mostly due to the lubrication correction as noted in Sec. III A. It should be noted that the spatial arrangement of the particles is quite the same before shear reversal and after force relaxation, since the strainγτ s keeps very small in the range of the parameters probed in the present paper (Sec. III D). However, the values of hydrodynamic viscosity at both step are not identical because the interparticle forces are not identical. Finally, in a very recent paper [32] , similar simulations are performed, with similar qualitative conclusions. In particular, the initial decrease of the hydrodynamic contribution is explained in the same way. To support this explanation, the authors splitted the hydrodynamic (i.e. lubrication in their work) contribution in two part, corresponding to the particle pairs where the particles respectively move closer to or away from each other. They show that the initial high hydrodynamic contribution is due to the particles moving away from each other. As displayed in Fig. 8 , the suspension viscosity minimum originates in the competition between the decrease of the hydrodynamic contribution, due to the separation of the initially close particles, and the increase of the contact contribution due to the re-building of the force network. A striking feature here is that the hydrodynamic viscosity decrease is much faster than the contact viscosity increase. As a consequence, as the strain γ min is reached, η H is close to its steady value while η C is still close to 0. It is quite surprising, since the spatial arrangement of the particles, together with the force network are very different atγt = γ min and in steady shear, while the hydrodynamic viscosity takes similar values. This means that as the force network re-builds, and as the particles come closer to each other in the compressional quadrant of the ambient flow, their relative velocity decreases, resulting in an approximately constant hydrodynamic viscosity. This feature may be related to the property that the viscosity of a random suspension is close to the steady hydrodynamic contribution, as noted in Sec. III B.
An important consequence is that the suspension viscosity η S min = η H (γ min ) + η C (γ min ) seems to be quite close to the steady hydrodynamic viscosity η correlation over 3 orders of magnitude. It is not clear to us why this very simple correlation holds over a so wide contact viscosity range. The proportionality constant 0.85 may depend on the contact law between particles, even though it holds for frictionless and frictional particles as well.
Nevertheless, from an experimental point of view, this correlation may be useful, since it allows estimating the steady contact viscosity from a shear reversal experiment. In particular, this viscosity difference may be compared to the suspension steady viscosity. Figure 11 displays the ratio (η The experimental data are taken from earlier measurements in suspensions of PMMA particles in a Newtonian liquid, with particle radius 15.5 µm and apparent jamming volume fraction φ * ≈ 0.53 [27] . Except for the case µ = 0, all simulation results and experimental measurements approximately collapse on the same curve. At low volume fraction, the contact contribution to the steady viscosity vanishes, while the total suspension viscosity keeps finite. A high volume fraction, the contact viscosity is increasingly predominant. Finally, in a very recent paper where experimental transients in shear-thickening suspensions were measured [58] , the contact contribution in shear-thickening suspensions was experimentally estimated using a relation roughly similar to the correlation in Fig. 10 . To be specific, Lin et al. [58] took η init for the hydrodynamic contribution to the steady viscosity, since their experiments do not display the initial decrease of the viscosity, but instead only a large scale increase up to the steady value. This choice for the hydrodynamic contribution was validated using simulations, that were further developed in [32] . Actually, as noted above, their simulations show the same nonmonotonic transient as in the present work, with the same qualitative explanation. The lack of such an initial viscosity decrease in the experiments may be explained by particular soft interactions, as further explored by Ness and Sun [32] . The suspension viscosity goes to a minimum at the strain γ min . Since this quantity can be easily measured in experiments, at least for moderate solid volume fraction, its variation with the simulation parameters deserves a few words. According to Fig. 12 , γ min (open symbols) decreases as the volume fraction increases, which is quite intuitive and has been already noted in experiments [24, 26, 27] . In addition, γ min decreases as the friction coefficient increases (Fig. 12(a) ), or as the roughness height increases (Fig. 12(b) of these trends is not easy, since the passage through a minimum involves the decrease of the hydrodynamic contribution together with the increase of the contact viscosity. Thus the particular value of γ min is expected to depend on the relaxation strain and variation amplitude of both contributions. Nevertheless, the simulation results compare well with the experimental measurements from [27] (displayed as (×) in Fig. 12 ), though the latter are a bit under the former, suggesting a higher friction coefficient than 1 (in agreement with the low jamming volume fraction φ * ≈ 0.53 that was measured) or (and) a larger roughness height than 2.10 −2 a in the experiments. Concerning the experiments, it should be noted that the strain resolution is approximately 0.05 for the largest volume fractions φ = 0.47−0.5, i.e. close to γ min . As a consequence, the values of γ min in this volume fraction range can only be estimated.
In the increasing part of the transient, the rebuild of the force network occurs over the typical strain γ 0.5 (Eq. (26) ) that is displayed in Fig. 12 (filled symbol), together with its experimental counterpart from [27] . It turns out that γ 0.5 follows the same trends as γ min . In particular, the data from the simulations overestimate the experimental results (displayed as (+)), which deserves the same explanation as previously. Since γ 0.5 may be understood as the strain that is necessary for the particles to irreversibly rearrange during the transient, it is worth comparing it to the critical strain measured by Pine et al. [11] in non-Brownian suspensions submitted to an oscillatory shear. In this paper, they showed that the particles return to their original position after one or more cycles only if the strain amplitude does not exceed a critical strain, denoted here by γ c,P . In the large amplitude regime, the particles continuously undergo an irreversible random-walk. The power-law fit to the data of Pine et al. [11] is displayed in Fig.12 (solid line). As expected γ c,P shares the same qualitative evolution with the volume fraction and the same order of magnitude as γ 0.5 .
D. Short strain dynamics
As explained in Sec. III A, the viscosity undergoes an instantaneous jump from η S (0 − ) to η S (0 + ) , followed by a relaxation to η S init where the contact contribution approximately vanishes. The dynamics at times immediately after shear reversal, 0 + ≤ t ≤ τ s is determined by the relaxation of the contact forces, as briefly mentioned above. By looking at the graph in the insets of Fig. 3 , we note that at t = 0 the contact contribution changes sign but keeps exactly the same magnitude. This is not surprising: at shear reversal (t = 0), the contact forces between particles, that only depend on particle positions, do not vary, but their action switches from resistive to propulsive once the flow is reversed (Fig. 9(a-b) ). Thus their contribution to the viscosity is merely reversed. Simultaneously, the hydrodynamic contribution dramatically increases (Fig. 3, t = 0 + ). Again, this is explained by the simple physical picture in Fig. 9 : before shear reversal, the action of the imposed flow is balanced by the repulsive contact forces ( Fig. 9(a) ). The relative velocities between neighboring particles are small, so that lubrication forces are small. But after shear reversal, both the contact forces and the imposed flow tend to separate particles ( Fig. 9(b) ) ; as a consequence, lubrication forces instantaneously jump to higher values, resulting in this large increase of the hydrodynamic viscosity (almost exclusively lubrication corrections). The net effect on the suspension viscosity is the instantaneous step from η
. Then, in a short but finite time, the contact forces relax towards zero: particle surfaces mostly move to distances bigger than the roughness h r , so that contacts vanish (Fig. 9(c) ). Then, η S is mostly given by its hydrodynamic components. This happens in a characteristic time τ s determined by the relaxation of contact forces. Ct contributions as a function of shear strainγt Figure 13 displays the transient evolution of the contact viscosity together with the contribution to the contact viscosity from the normal and tangential forces. They both vanish after the timeγτ s and grow slowly to their steady value with the same characteristic time. During the fast relaxation, the normal force contribution goes to zero without changing sign, in agreement with the idea that the non linear spring in the direction of the particle centers simply relaxes. The tangential contribution relaxes in a shorter time, and changes sign before complete vanishing : after shear reversal, the tangential spring relaxes due to the reversed relative tangential motion between particle surfaces and is stretched back before the contact vanishes due do relative normal motion. The (positive) residual viscosity for the tangential force contribution is at most 5 % of it steady value, for the largest volume fraction and friction coefficient, and 2 % for the normal contribution, so that the overall (positive) residual contact viscosity is at most 3 % of its steady value. As noted in the following (Sec. III D 2), the tangential forces contribution keeps quite small compared to the normal forces contribution.
We first focus on the determination of the relaxation strainγτ s in Sec. III D 1. Then the relevant values of the viscosity at shear reversal will be addressed in Sec. III D 2.
Determination of τs
The relaxation strainγτ s of the contact forces can be directly measured from the numerical results. It is here defined as the strain needed for the contact viscosity to relax to 5% of η C (t=0 + ) (Fig. 3) . A subset of the computed values is displayed in fig.14 for the sake of clarity.γτ s is found to weakly depend on the friction coefficient and roughness height at low volume fraction, witḣ γτ s ≈ 6 10 −3 . The variations with the roughness height are a bit more significant as the volume fraction increases. It is found 3 10 A simple model based on the force balance for a particle pair can also be used to obtain a rough estimation of τ s . Let us consider the motion of two particles in a fluid, with only normal contact forces for the sake of simplicity (Fig. 9(b-c) ). Lubrication theory allows to evaluate the hydrodynamic force localized between the particles as a function of the separation distance δ:
Besides this lubrication force, the external shear flow is responsible for a supplementary hydrodynamic force of approximate magnitude 6πηa 2γ [52, 59] , which is also the order of magnitude of the largest repulsive contact forces. The balance of all forces yields, in order of magnitude, the following relationship:
If the typical distance between contacting particle surfaces is denoted byδ, the typical roughness compression (h r −δ) may be connected to the relaxation time as (h r −δ) =δτ s . Taking δ ∼δ, and recalling that = (h r −δ)/h r , we obtain
Equation (29) shows that the relaxation of the contact force is actually expressed by a characteristic strain that is a function of the typical roughness deformation . In the present work,¯ =Γ 2/3 = 0.01 2/3 ∼ 4.6 10
is kept constant while the parameters h r /a and µ are varied (Sec. II F). As a consequence, Eq. (29) yields a single numerical constant for all simulations presented hereγτ s ∼ 6 · 10 −3 , in very good agreement with the numerical results. We admit that, in order that the validity of Eq. (29) might be completely checked, the dimensionless parameterΓ should be varied, which is nevertheless out of the scope of the present paper.
Finally, it must be kept in mind while using Eq. (29) that¯ depends onγ through Eq. (13): the larger the shear rate is, the more compressed are the particles. For that reason, in experiments whereγ is varied, the relaxation time may change, approximately asγ −1/3 . However, in the parameter range that is probed in the present paper,γτ s 1, so that the dynamics for 0 ≤ t ≤ τ s may not be easily accessible in experiments.
Viscosity steps at shear reversal
The short time transient involves three different viscosity values, as already mentioned earlier: the viscosity before shear reversal η S (0 − ) , which is the same as the steady viscosity η S steady except for the fluctuations, the viscosity just after shear reversal η S (0 + ) and η S init the viscosity after contact force relaxation extrapolated to t = 0. We may thus indentify two different viscosity steps, depending on the strain scale that is considered. A first step is undergone instantaneously at t = 0, namely η It turns out that both steps are connected. Fig. 15 displays the instantaneous step η
for all values of the parameters probed in the present study. The former equals twice the latter with a very good correlation over the whole parameter range. This relation originates in the lack of inertia in the considered flows. To be more specific, using the linearity of Stokes equation, the flow before shear reversal at t = 0 − can be split into two different flows that share the same particle positions as the original flow (Fig. 16 without ambient shear flow. This splitting is also easily expressed using the mobility formulation of the relation between particle velocity, angular velocity and stresslet on the one hand and the hydrodynamic force, torque and stresslet on the particles on the other hand [59] and is instrumental in performing Stokesian Dynamics computations [60] . As a consequence, the stress defined in Eq. (20)- (22) is the sum of the stresses associated with each flow.
The viscosity can be split in the same way:
Thus η I (resp. η II ) is defined as the viscosity associated to flow (I) (resp. II) at time t=0
− . It should be noted that η I is hydrodynamic in nature, since no direct force applies between particles in the flow (I), while η II is the sum of an hydrodynamic contribution and a contact contribution, the latter being the same as in the total flow.
This separation holds after shear reversal at time t=0 + (Fig. 16, second line) . The particle positions together with the contact forces are exactly the same as before shear reversal, and the ambient shear flow is reversed, so that the stress of flow (I) is reversed due to linearity of Stokes equation, while the stress of flow (II) is unchanged. As a consequence, the suspension viscosity reads now:
After contact force relaxation (t=τ s ), the contact force approximately vanishes, so that Σ (t=τs) ≈ Σ I (t=τs) . Since the particle asperities are weakly compressed before shear reversal (h r −δ h r in Eq. (14)), the particles positions are approximately the same at t = 0 − and t = τ s . As a consequence, due to linearity of Stokes equation, Σ I (t=τs) ≈ −Σ I (t=0 − ) and the viscosity after contact force relaxation reads:
From Eq. (31)- (33), the viscosity steps read:
while a second expression for the viscosity of flow (I) is available:
Eq. (34) accounts for the proportionality of the instantaneous viscosity step η S (0 − ) − η S (0 + ) and the viscosity step at the time scale of contact force relaxation η
that is evidenced in Fig. 15 . In the following, the term "viscosity step" denotes η
init . In addition, we have checked that Eq. (33) and (35) yield the same value for η I . Eq. (33) and (34) deserve a few comments. First, Eq. (34) directly connects the viscosity step to the viscosity associated with the flow (II) that is completely driven by the contact forces. According to Eq. (22), η II is the sum of two contributions, respectively hydrodynamic and contact in nature. The contact contribution depends on the elastic contact forces between particles that push them apart. The induced flow, in turn, results in hydrodynamic forces that resist this motion. As a consequence, both contributions to the viscosity are expected to be qualitatively opposite, with a positive contact contribution and a negative hydrodynamic contribution. A viscosity step occurs only if the balance is not perfect between both contributions, i.e. the contact contribution is larger than the hydrodynamic one in flow (II).
In addition, Eq. (33) provides a physical picture for the viscosity after contact force relaxation η S init : it is the viscosity that the suspension would exhibit with the same positional microstructure as in steady shear, but without contact force between particles. As explained above, this statement is strongly supported by the fact that Eqs (33) and (35) yield the same value for η I . In addition, simulations allow to directly compute η I : for the particle positions at time t = 0 before shear-reversal, the forces can be canceled, and the flow computed. We have checked for a few values of the parameters φ, h r /a and µ that the computed viscosity equals η S init within a few tenths of a percent.
Finally, it was previously mentioned that the hydrodynamic viscosity is larger after force relaxation (t = τ s ) than before shear reversal (t = 0 − ). From Fig. 16 , or alternatively Eq. (31) and (33) , it means that flow (I) and (II) have opposite hydrodynamic contributions to the stress, and, depending on volume fraction, with similar intensity. It is easily understood in a qualitative way: at t = 0 − , flow (I) brings the neighboring particles closer (in the compressional quadrant), with a lubrication flow between particles that resists this motion, while in flow (II) the contact forces separate the same particles, inducing a flow between them that acts to keep them together. The two flows are thus opposite, and their superposition (t = 0 − ) results in a weak flow between particles, inducing a weak hydrodynamic contribution to the viscosity.
Eq. (34) suggests that the viscosity step should be compared to the steady contact viscosity, since flow (II) is driven by the contact forces. Fig. 17 displays the ratio of the viscosity step to the steady contact viscosity as a function of solid volume fraction for different values of the friction coefficient. Two different regimes may be identified. At low volume fraction, the viscosity step is quite small compared to the steady contact viscosity, suggesting that in flow (II), the hydrodynamic contribution approximately balances the contact contribution. As the friction coefficient increases, this balance is less effective. As the solid volume fraction increases, the ratio of the viscosity step to the steady contact viscosity increases, especially for the larger values of the friction coefficient, meaning that in flow (II) the hydrodynamic viscosity turns smaller compared to the contact viscosity. 
Particle pair idealization
The low volume fraction limit may be understood considering a pair of contacting particles submitted to shear reversal. In that case, the stresslet of the particle pair associated to flow (II) can be computed from the twoparticle mobility matrix. Its expression in the limit of nearly touching spheres is shortly derived in appendix A. The distance between particle surfaces is supposed to be exactly δ = h r , since the roughness typical compression is small (Eq. 14 and Sec. II F). From Eq. A8, together with Eq. (22) and (24) , the viscosity associated to flow (II) is linearly related to the normal and tangential contact force contributions to the viscosity η Cn and η Ct :
where η Cn + η Ct is the contact contribution to the viscosity before shear reversal (or equivalently the steady contact viscosity) and the remaining terms are the hydrodynamic contribution to flow (II). As explained in the appendix (Fig. 21) , in the range of roughness that is considered in the present study, the normal force contribution is closely balanced by its hydrodynamic counterpart
1, which is not the case for the tangential force contribution. This is in qualitative agreement with Fig. 17 , where the ratio of the viscosity step to the steady contact viscosity is smaller in the case of frictionless particles. From Eq. (36), it is clear that the viscosity step may strongly depend on the relative importance of the normal and tangential forces contribution in the contact viscosity. Surprisingly, the ratio of the tangential contribution to the total contact viscosity from the simulations hardly depends on the roughness height or even on the solid concentration, but only on the friction coefficient, as shown in Fig. 18 . As mentioned previously, even though the fraction of the tan- gential force contribution can be as high as 25% for the largest friction coefficient considered here, the strong increase of the contact contribution induced by friction is not only due to the addition of the tangential force contribution, but rather to a large increase of the normal force contribution. Now, using the simulation result in Fig. 18 , Eq. (36) reads:
with β t (µ) = η Ct /η C . The ratio of the viscosity step to the steady contact viscosity is thus expected to depend both on the roughness height and the friction coefficient. For a given value of h r /a, as the friction coefficient increases, the relative contribution β t of the tangential forces increases and the viscosity ratio η The viscosity step from the simulations is now compared to the value that is expected from the particle pair model (Eq. 36) where the normal and tangential forces contributions are taken from the simulations in steady shear. In Fig. 19 , the ratio of viscosity step η
to η II pair is displayed for different values of the friction coefficient ( Fig. 19(a) ) and of the roughness height ( Fig. 19(b) ). As the volume fraction decreases, the viscosity step approaches the value that is expected from the particle pair model. It should be noted that both numerator and denominator of the ratio go to zero with the volume fraction, and are very small at φ = 0.2.
However, as the volume fraction increases, the computed viscosity step grows larger compared to the value that is predicted by the simple particle pair model. It means that the partial balance of the hydrodynamic and contact contribution to the viscosity of flow (II) does not hold anymore, as already noted in Fig. 17 , and the contact contribution may be much larger than the hydrodynamic contribution. The reason why this happens is not totally clear to us. The long range multibody hydrodynamic interactions have been neglected in the simple model developed in Appendix A. However, prediction of the qualitative effect of those interactions on the relative weight of the hydrodynamic and contact contribution is not easy.
IV. CONCLUSION
In this paper, shear reversal in non-Brownian suspensions has been simulated using the Force Coupling Method, that includes long range hydrodynamic interactions, short range lubrication interactions together with contact force between particles. In particular, the roughness of the particle surface, as well as the friction between particles were taken into account. Inspection of the steady part of the transient reveals a strong influence of the friction coefficient µ on the contact contribution to the viscosity, as already shown by Gallier et al. [18] . In addition, the apparent jamming volume fraction φ * significantly depends on µ, while it hardly changes with the surface roughness height h r /a.
Separate inspection of the hydrodynamic and contact contribution to the viscosity provides a deeper insight into the transient. After contact force relaxation, the hydrodynamic contribution is high, while the contact contribution vanishes. The hydrodynamic contribution undergoes a fast relaxation to its steady value, while the increase of the contact part, connected to the building of the contact network, is slower. As a consequence, the difference between the steady viscosity and the minimum viscosity is proportional to the steady contact viscosity, whatever the friction coefficient and surface roughness height in the range probed in the present article. From an experimental point of view, this allows estimating the contact part of the steady viscosity.
After shear reversal, the contact forces relax over a strain that is approximately given by the typical relative compression of the asperities, which is kept constant throughout this study. This typical strain is approximatelyγτ s ∼ 5.10 −3 −10 −2 . To understand the apparent viscosity step at shear reversal η S 0 − −η S init , the flow before shear reversal can be split into two different flows that share the same particle positions as the original flow: a flow (I) driven by the ambient shear flow, without contact force between particles and a flow (II) driven by the same contact force network as in the original flow, but without ambient shear flow. The viscosity step is related to the stress of flow (II). For the smallest volume fraction, this step is much smaller than the contact contribution to the steady viscosity, in agreement with a simple particle pair model. As the volume fraction increases, the viscosity step is comparable to the steady contact viscosity. It is thus expected that the step tends to the contact viscosity as the volume fraction tends to the jamming volume fraction. Finally, this separation into two different flows apparently makes sense in the context of shear reversal of a suspension. However, the relevance of such a separation in the more general field of suspension rheology is still an open question to us.
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In this appendix, the total deviatoric stresslet, with both contact and hydrodynamic contributions, is computed for a contacting particle pair (flow (II) defined in Sec. III D 2). The separation vector between par- ticles centers is denoted by r = x 2 − x 1 = rd where r = 2a + δ = a(2 + ξ) is the distance between particles. The force F exerted on particle 1 is the sum of the normal component F n , i.e. along the direction of the particle centers, and the tangential component F t . The deviatoric stresslet of particle 1 is the sum of two contributions. First, the contact contribution from Eq. (20) can be split into the contributions of normal and tangential forces:
where I is the unity tensor. Particles inertia is neglected, so that the hydrodynamic force and torque on particles 1 and 2 read:
As a consequence, the hydrodynamic stresslet is written using the relevant mobility matrices g αβ and h αβ with the notation of Ref. [59] .
After a few lines of calculus, the hydrodynamic stresslet on particle 1 follows: Thus the total stresslet of the particle pair is written: respectively stand for the normal and tangential force contributions to the contact stresslet. Both functions N (ξ) and T (ξ) go to 1 as ξ goes to 0. This means that, as the distance between particle surfaces vanishes, the hydrodynamic stresslet of the pair more closely approaches the contact stresslet, i.e. the hydrodynamic forces are localized at contact point. However, as usual, the function T (ξ) that is connected to the relative tangential motion of the particles depends on log(ξ −1 ), and consequently goes slower to 1 compared to N (ξ). This feature is clearly evidenced in Fig. 21 . For instance, when the normalized distance between particle Functions that relate the total stresslet to the contact stresslet of the pair (Eq. A8) as a function of the normalized distance between particle surfaces ξ = r/a − 2.
surfaces is as small as ξ=5.10 −3 , the ratio of the hydrodynamic stresslet to the contact stresslet due to tangential force is −T (ξ) / (1 + ξ/2) ≈ −0.66, while the corresponding ratio for the normal force is much closer to -1: −T (ξ) / (1 + ξ/2) ≈ −0.9797.
